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SEPARABLE BOUNDARIES FOR NON-HYPERBOLIC GROUPS
JACOPO BASSI AND FLORIN RA˘DULESCU*
Abstract. We exhibit examples of separable boundaries for non-hyperbolic
groups. The main ingredient is the alignment property introduced by Furman
in the study of rigidity properties of discrete subgroups of algebraic groups.
1. Introduction
Ozawa proved in [8] the existence of a canonical separable nuclear C∗-algebra
containing the reduced C∗-algebra of the free group on n ≥ 2 generators and
contained in its injective envelope, giving an explicit, tight example of a theorem by
Kirchberg. This algebra is the crossed product associated to the action of the group
on its boundary. In his paper he conjectured the existence of such an intermediate
nuclear C∗-algebra for every exact C∗-algebra. Kalantar and Kennedy proved in
[6] that this conjecture holds true for the reduced C∗-algebra of any discrete exact
group, by showing that the reduced crossed product associated to the action of the
group on its Furstenberg boundary validates Ozawa’s conjecture. The C∗-algebras
produced in this way are not separable in the case of non-amenable groups and
this fact is viewed there as a consequence of the vast generality to which the result
applies, including non-hyperbolic groups. As already observed in [6] Remark 4.8,
the proof of the ”non-separable” Ozawa conjecture implies the ”separable” Ozawa
conjecture at the price that the C∗-algebra so obtained is no longer canonical. In the
following we are interested in exhibiting a canonical nuclear separable C∗-algebra
CNS(Γ) such that C∗rΓ ⊂ CNS(Γ) ⊂ I(C∗rΓ) for a class of non-hyperbolic groups.
The proof by Ozawa relies on the hyperbolicity of the free group and the existence of
a quasi-invariant doubly ergodic measure on its boundary, ingredients which allow
a full description of the possible equivariant Borel maps from the boundary to the
probability measures on it: there is only one. Moving to the non-hyperbolic setting,
we shall consider an analogue of this boundary for certain non-hyperbolic groups,
the key ingredient being the concept of alignment system introduced by Furman.
Combining the approach by Ozawa and the one by Furman we show that canonical
separable nuclear intermediate C∗-algebras exist for certain non-hyperbolic groups.
Furman’s techniques also allow to give examples of Kirchberg algebras arising in
this way.
The examples considered here are probably known to experts. The authors think
they provide interesting applications of the connection between Ozawa’s techniques
and Furman’s work.
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2 JACOPO BASSI AND FLORIN RA˘DULESCU*
2. Alignment systems and second countable boundaries
The alignment property was introduced by Furman in [2] in order to classify mea-
surable centrailizers, quotients and joinings of certain discrete subgroups of locally
compact second countable groups and to obtain rigidity results for groups acting on
spaces of horospheres, by means of dynamical methods. Following his techniques
and the approach developed by Ozawa in [8], we shall see in the present section
that suitable alignment systems can be used to prove the existence of intermediate
canonical nuclear separable C∗-algebras. We recall the main notion:
Definition 2.1 ([2] Definition 3.1). Let Γ be a group, (X,m) be a measure space
with a measure class preserving Γ-action, B a topological space with a continuous
Γ-action and pi : X → B be a measurable Γ-equivariant map. We shall say that
pi has the alignment property with respect to the Γ-actions if x 7→ δx is the only
Γ-equivariant measurable map from (X,m) to the space P(B) of all regular Borel
probability measures on B. In such a situation (pi : (X,m)→ B; Γ) is an alignment
system.
The first part of the following is shown in the proof of Proposition 3 of [8].
Lemma 2.2. Let Γ be a discrete countable group. Let Y be a compact metric Γ-
space and X a locally compact Γ-space with a full-supported quasi-invariant Borel
measure m. There is a bijection
{Γ− ucp maps : C(Y )→ L∞(X,m)} ↔ {Γ− meas. maps : X → P(Y )}.
Proof. Let φ : C(Y ) → L∞(X,m) be a Γ-equivariant ucp map. Let C ⊂ C(Y ) be
a Γ-invariant countably generated dense ∗-subalgebra of C(Y ). For every f ∈ C
choose a measurable representative ˜φ(f) for φ(f) in such a way that the application
f 7→ ˜φ(f) is linear on C. For every x ∈ X extend the resulting functional Φx : f 7→
˜φ(f)(x) to the whole C(Y ) and let this extension be denoted by Φx. We want to
show that the resulting map X 7→ P(Y ), x 7→ Φx is measurable.
Since Y is a compact metric space, P(Y ) is second countable and since C is dense
in C(Y ), a basis of open sets is given by
B,{fi}ni=1,µ := {ν ∈ P(Y ) | |ν(fi)− µ(fi)| <  ∀i = 1, ..., n},
with  > 0, {fi}ni=1 ⊂ C, µ ∈ P(Y ). Since every open set is a countable union of
sets of this form, it is enough to see that the inverse image under Φ of each such
set is measurable in X. We have
Φ−1(B,{fi}ni=1,µ ∩ Φ(X)) = {x ∈ X | |Φx(fi)− µ(fi)| <  ∀i = 1, ..., n}
= {x ∈ X | | ˜(φ(fi))(x)− µ(fi)| <  ∀i = 1, ..., n}
for every choice of  > 0, {fi}ni=1 ⊂ C, µ ∈ P(Y ). But the function x 7→ | ˜(φ(fi))(x)−
µ(fi)| is measurable and one direction follows.
Let now Φ : X → P(Y ) be a measurable Γ-equivariant map defined on the Borel
set of full measure E ⊂ X; for x ∈ E let
φ(f)(x) :=
∫
fdΦx.
The resulting map
φ : C(Y )→ L∞(X,m)
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is unital, positive and contractive, hence it is ucp because of commutativity of
C(Y ). 
An action of a topological group Γ on a compact space X is strongly proximal if
the closure of the orbit of every element in P(X) contains a point mass. A minimal
compact strongly proximal Γ-space is a Γ-boundary ([3] Definitions). The proof of
the following is an adaptation of the proof of [8] Theorem 1.
Theorem 2.3. Let Γ be a discrete countable group. Let Y be a compact metric
Γ-space and X a locally compact Γ-space with a full-supported quasi-invariant Borel
measure m, (pi : (X,m)→ Y ; Γ) an alignment system with pi a continuous surjection
and suppose the action of Γ on X is amenable. There are C∗-algebra inclusions
C∗rΓ ⊆ C(Y )or Γ ⊆ I(C∗rΓ).
In particular, Y is a Γ-boundary and if the action of Γ on Y is amenable, then we
can take CNS(Γ) = C(Y )o Γ.
Proof. Both C(Y )or Γ and L∞(X,m)or Γ contain a copy of C∗rΓ, say C∗rΓ(1) and
C∗rΓ(2); let α : C
∗
rΓ(1) → C∗rΓ(2) be the corresponding ∗-isomorphism. When re-
stricted to Cc(Γ, C(Y )), this takes the form α(
∑
γ∈Γ λ
(1)
γ ) =
∑
γ∈Γ λ
(2)
γ , where λ
(1)
γ
is the corresponding unitary on L2(Γ)⊗H and λ(2)γ the one on L2(Γ)⊗ L2(X,m),
where H is a Hilbert space on which C(Y ) is represented faithfully. Let θ : C(Y )or
Γ→ L∞(X,m)o Γ be a ucp map such that θ|C∗rΓ(1) = α and consider the compo-
sition φ := E ◦ θ|C(Y ) : C(Y )→ L∞(X,m), where E : L∞(X,m)o Γ→ L∞(X,m)
is the conditional expectation induced by the projection pe : L
2(X,m) ⊗ L2(Γ) →
L2(X,m)⊗Ce (e is the identity in Γ). Since θ|C∗rΓ(1) = α, it follows that for every
y ∈ C(Y ) or Γ and x ∈ C∗rΓ(1) we have θ(xy) = α(x)θ(y) and θ(yx) = θ(y)α(x).
Hence, for every γ ∈ Γ and f ∈ C(Y ),
φ(γ · f) = E(θ(λ(1)γ fλ(1) ∗γ ))
= E(λ(2)γ θ(f)λ
(2) ∗
γ ) = γ · E(θ(f)) = γ · φ(f),
where we used the fact that E(λ
(2)
γ xλ
(2) ∗
γ ) = γ ·E(x) for every x ∈ L∞(X,m)o Γ.
Hence φ : C(Y )→ L∞(X,m) is a Γ-equivariant ucp map. By the alignment prop-
erty and Lemma 2.2 it follows that φ = pi∗. The faithfulness of E implies that
θ|C(Y ) = pi∗. Hence θ and pi∗ or Γ both send elements in Cc(Γ, C(Y )) of the form∑
γ∈Γ fγλ
(1)
γ to
∑
γ∈Γ pi
∗(fγ)λ
(2)
γ ; then they coincide on C(Y )or Γ.
Since the action of Γ on X is amenable, L∞(X,m)oΓ is injective and so there is a
completely isometric copy of I(C∗rΓ), say φ(I(C
∗
rΓ)), contained in L
∞(X,m) o Γ;
moreover φ(I(C∗rΓ)) is the image of a projection η : L
∞(X,m)oΓ→ L∞(X,m)oΓ,
which is the identity on C∗rΓ(2). Composing with the ∗-homomorphism pi∗ or Γ :
C(Y )or Γ→ L∞(X,m)oΓ, we obtain a ucp map that, when restricted to C∗rΓ(1),
coincides with α; by the previous argument, it coincides with pi∗ or Γ. In partic-
ular, the Choi-Effros product (?) associated to η, is just the canonical product on
pi∗or Γ(C(Y )or Γ) and since φ(I(C∗rΓ)) is the image of η, this gives the inclusions
pi∗orΓ(C(Y )orΓ) ⊂ (φ(C∗rΓ), ?) ⊂ L∞(X,m)oΓ. Note that (φ(C∗rΓ), ?) ' I(C∗rΓ)
as C∗-algebras. The statement that Y is a Γ-boundary follows from Theorem 3.4
of [4], arguing as in [6] Remark 5.6. 
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Example 2.4. The following example is based on the proof of [2] Theorem 4.8.
Let k = R or Qp, with p prime and Γ < SLn(k) a lattice. Let Q be the subgroup
of upper triangular matrices, Q = {(ai,j) | i > j ⇒ ai,j = 0, 1 ≤ i, j ≤ n} and H
the subgroup of unitriangular matrices, H = {(ai,j) ∈ Q | ai,i = 1, 1 ≤ i ≤ n}. Let
also, for 1 ≤ i < j ≤ n, Hi,j = {1 + tei,j , t ∈ k}, where ei,j is the matrix with 1
on the (i, j)-entry and 0 elsewhere. For every 1 ≤ i < j ≤ n, the action of Hi,j on
SLn(k)/Q is algebraic and since Hi,j ' k, it follows that G/Q decomposes as the
disjoint union of the fixed points Fi,j for Hi,j and the free orbits Vi,j . By Moore’s
Theorem ([1]) the action of Hi,j on G/Γ is ergodic and so the same holds for the
action of Γ on G/Hi,j . The action of Hi,j on Vi,j is proper and so [2] Theorem
4.4 applies. Hence SLn(k)/Q is a Γ-boundary. Q is solvable, hence amenable and
CNS(Γ) = C(SLn(k)/Q)o Γ.
Example 2.5. Let S be a finite set of places and Γ <
∏
i∈S SL2(Q
i
) a lattice
with the property that for every i ∈ S, the image of Γ under the projection on∏
j 6=i SL2(Q
i
) is dense in
∏
j 6=i SL2(Q
i
). For every i ∈ S denote Qi = {(aj,l) ∈
SL2(Q
i
) | a2,1 = 0}, Hi = {(aj,l) ∈ Qi | a1,1 = a2,2 = 1}. Then every Hi
acts properly on Vi = (
∏
j 6=i SL2(Q
j
)/Qj) × (SL2(Qi)/Qi − {eQi}) and G/Q −
{eQ} = ⋃ni=0 Vi. It follows from the denseness hypothesis and Moore Theorem
that Γ acts ergodically on G/Hi for every i. It follows again from [2] Theorem 4.4
that
∏n
i=0 SL2(Q
i
)/Qi is a Γ-boundary.
∏n
i=0Qi is amenable and so CNS(Γ) =
C(
∏n
i=0 SL2(Q
i
)/Qi)o Γ.
Corollary 2.6. Let S denote a finite set of places and let Γ <
∏
i∈S PSL2(Q
i
) be a
lattice with the property that, if |S| > 1, then for every i ∈ S, the image of Γ under
the projection on
∏
j 6=i PSL2(Q
i
) is dense in
∏
j 6=i PSL2(Q
i
). Then Γ is C∗-simple.
Proof. Any non-trivial element in PSL(2,R) has at most two fixed points for its
action on ∂H (and in this case it is hyperbolic). Let now p be a prime number.
Since the space PSL(2,Qp)/Q (Q is the group of upper-triangular matrices) is
isomorphic (as a PSL(2,Qp)-space) to the projective space P 1(Qp), also the non-
trivial elements of PSL(2,Qp) have at most two fixed points for their action on
PSL(2,Qp)/Q. The result follows from Example 2.5 and [6] Theorem 6.2. 
3. Kirchberg algebras associated to boundary actions
Let Γ be a topological group and X a Γ-space. The action of Γ on X is extremely
proximal if for every closed set C ( X and every non-empty open set U ⊂ X there
is γ ∈ Γ such that γC ⊂ U ([3] Definitions). Infinite compact Γ-spaces associated
to extremely proximal actions are boundaries ([3] Theorem 2.3) and, under the
assumption of topological freeness, the corresponding reduced crossed product C∗-
algebras are purely infinite and simple ([7] Theorem 5). The same structure is
shared by the crossed products associated to the more general class of topologically
free actions satisfying the n-filling property ([5] Definition 0.1, Theorem 1.2 and
Remark 1.3). This fact allows us to show that some of the intermediate crossed
products constructed in the previous section are Kirchberg algebras.
The following is based on the considerations given in the proof of [2] Theorem
4.4.
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Theorem 3.1. Let Γ be a discrete subgroup of a locally compact second countable
group G. Suppose there are closed subgroups H < Q < G with Q cocompact such
that H leaves G/Q − {eQ} invariant and acts properly on it. If the action of Γ
on G/H is conservative then the action of Γ on G/Q is extremely proximal. In
particular, if this action is topologically free, then C(G/Q)or Γ is a simple purely
infinite unital C∗-algebra; if it is also amenable, then CNS(Γ) = C(G/Q)o Γ is a
Kirchberg algebra, hence it is classifiable by K-theoretic data.
Proof. Denote by pi : G/H → G/Q the canonical quotient map and by g : G/H →
G a Borel cross section of the quotient map G→ G/H. Let K ( G/Q be a compact
proper subset and let C be a larger compact set satisfying K ⊂ C◦ ⊂ C ( G/Q.
It follows from Lusin Theorem and conservativity of the action of Γ on G/H that
there are x ∈ pi−1(G/Q− C), γn →∞ in Γ and tn →∞ in H satisfying
γnx→ x, gγnxg−1x =: un → e ∈ G, γn = ungxtng−1x .
Since gxQ does not belong to C, g
−1
x C is a compact subset of G/Q−{eQ}. Since H
acts properly on G/Q−{eQ}, there is n1 ∈ N such that tng−1x C∩g−1x C = ∅ for every
n > n1. Since un → e ∈ G, there is n2 ∈ N such that u−1n K ⊂ C for every n > n2.
Hence, for n > max{n1, n2} we have tng−1x K ∩ g−1x u−1n K ⊂ tng−1x C ∩ g−1x C = ∅,
which entails γnK ∩ K = ∅. It follows that the action of Γ on G/Q is extremely
proximal. Hence C(G/Q)orΓ is purely infinite and simple by [7] Theorem 5. If the
action is amenable, then C(G/Q) o Γ is a Kirchberg algebra and it is classifiable
in virtue of [10] Lemma 3.5, Theorem 4.2.4 and [9] Theorem 4.2.4. 
Example 3.2 (cfr. [2] Corollary 4.6). Let k be either R or Qp for p prime and
Γ < PSL2(k) a lattice. As usual, we let Q = {(ai,j) ∈ SL2(k) | a2,1 = 0} and H =
{(ai,j) ∈ Q | a1,1 = a2,2 = 1}. Then H ' k acts by translation on G/Q−{eQ} ' k,
hence properly. Q is amenable and CNS(Γ) = C(G/Q)o Γ is a Kirchberg algebra.
Proposition 3.3. Let Γ be a dense subgroup of a locally compact second countable
group G, X be a compact Hausdorff space on which G acts and n ∈ N. Suppose
the action of G on X is n-filling. Then the action of Γ on X is n-filling.
Proof. Let U1, ..., Un be non-empty open sets and g1, ..., gn ∈ G such that
⋃n
i=1 giUi =
X. There is a neighborhood of the identity V ⊂ G such that g1V U c1∩(
⋂n
i=2 giU
c
i ) =
∅. Hence there is γ1 ∈ Γ such that γ1U1 ∪
⋃n
i=2 giUi = X. Let k ∈ {1, ..., n −
1} and γ1, ..., γk ∈ Γ be given such that (
⋃k
i=1 γiUi) ∪ (
⋃
i>k giUi) = X. Let
Un+1 := ∅. Let W ⊂ G be a neighborhood of the identity such that (
⋂k
i=1 γiU
c
i ) ∩
(gk+1WU
c
k+1)∩(
⋂
i>k+1 giU
c
i ) = ∅. Then there is γk+1 ∈ Γ such that (
⋂k+1
i=1 γiU
c
i )∩
(
⋂
i>k+1 giU
c
i ) = ∅. Then
⋃n
i=1 γiUi = X. 
It follows that the lattices Γ <
∏
i∈S SL2(Q
i
) considered in Example 2.5 admit
extremely proximal topologically free actions on the compact spaces SL2(Q
i
)/Qi
for every i ∈ S, but the associated crossed product algebras will not be nuclear. In
any case, if Γ is a lattice in
∏
i∈S PSL2(Q
i
) and its action on
∏n
i=0 SL2(Q
i
)/Qi is
locally contractive, it follows again from Example 2.5 and [5] Proposition 2.5 that
CNS(Γ) = C(
∏
i∈S SL2(Q
i
)/Qi)o Γ is a Kirchberg algebra.
Proposition 3.4. Let S denote a finite set of places and let Γ <
∏
i∈S SL2(Q
i
)
be a subgroup containing a diagonal copy of the group of diagonal matrices in SL2
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with entries in Z[1/
∏
i∈S\∞ pi]. Then the action of Γ on
∏
i∈S SL2(Q
i
)/Qi is locally
contractive.
Proof. For every i ∈ S, identify SL2(Qi)/Qi with the projective line P 1(Qi) and
for i ∈ S\∞ let pi be the corresponding prime number. The sequence ak :=
(
∏
i∈S\∞ pi)
k converges to zero for every non-Archimedean place in S and diverges
in R. Hence, if ∞ ∈ S, the point [1 : 0] × ∏i∈S\∞[0 : 1] ∈ SL2(R)/Q∞ ×∏
i∈S\∞ SL2(Q
i
)/Qi admits a neighborhood that is contracted under the action
of the diagonal matrix with entries a1,1 = a1, a2,2 = a
−1
1 . If ∞ /∈ S, the same
conclusion holds for the point
∏
i∈S [0 : 1]. 
Example 3.5. Let p be a prime number. By Example 2.5 the space ∂H×P 1(Qp) is
a boundary for SL2(Z[1/p]). It follows from Proposition 3.4 that C(∂H×P 1(Qp))o
PSL2(Z[1/p]) is a Kirchberg algebra (in the UCT class).
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